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Master curves allow predictive dissipa-
tion capabilities for untested operational 
conditions.
Fill ratio influences the contribution of 
tangential and normal dissipation in the 
system.
Mechanical characterization of NaBH4
regeneration is validated by predicting 
mechanochemical yield.
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 A B S T R A C T

High-energy ball milling is a versatile method utilized in mechanochemical reactions and material transforma-
tions. Understanding and characterizing the relevant mechanical variables is crucial for the optimization and 
up-scaling of these processes. To achieve this, the present study delves into differentiating the contributions of 
normal and tangential interactions during high-energy collisions. Using Discrete Element Method (DEM) sim-
ulations, we characterize how operational parameters influence these energy dissipation modes, emphasizing 
the significance of tangential interactions. Our analysis also reveals how different operational parameters such 
as ball size, fill ratio, and rotational speed affect the mechanical action inside the milling jar giving rise to 
multiple operating zones where different modes of energy dissipation can thrive. Finally, we present master 
curves that generalize findings across a wide range of configurations, offering a tool for characterizing and 
predicting mechanochemical processes beyond the presented cases. These results provide a robust framework 
for improving mechanochemical reaction efficiency, and equipment design.
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1. Introduction

High-energy ball milling is a versatile method that harnesses me-
chanical forces to drive physical and chemical material transforma-
tions. In recent years, it has emerged as an attractive technique that 
can support green chemistry, offering synthesis capabilities without 
reliance on organic solvents or extreme temperature–pressure condi-
tions [1,2]. Its application in various domains, such as sodium borohy-
dride (NaBH4) mechanochemical regeneration, showcases the growing 
preference for this novel mechanical method over traditional chemical 
routes [3]. It has also opened up the possibility of obtaining stable 
supramolecular and organic compounds that would otherwise be hard 
or impossible to obtain with traditional methods [2].  Additionally, it 
has been shown to facilitate ultra-fine grinding and the amorphiza-
tion of crystalline materials below glass transition temperatures [4,
5]. Nonetheless, regardless of the application, an important challenge 
lies in comprehending and predicting the key mechanical dissipation 
interactions that influence the success of the process and that are 
fundamental for optimization and up-scaling [6].

Laboratory-scale milling processes are typically carried out in ma-
chines known as ball mills. The function and usage of these machines 
can vary according to the motion they induce, the size and density 
of the milling balls used to impact the processed material, and the 
shape of the container where they are placed. For example, shaker ball 
mills follow a linear left-to-right motion promoting head-on impacts 
between the milling balls where normal energy transfer dominates and 
are typically used with small samples. On the other hand, planetary ball 
mills use centrifugal forces by inducing a double-axis rotational motion. 
These centrifugal forces contribute towards tangential energy transfer 
and attempt to emulate the working mechanism behind industrial-sized 
roller mills in which potential energy is exploited, offering a direct 
path for scaling up [2]. However, these are only two general types 
of ball mills. As applications diversify and increase in complexity, spe-
cialized milling machines tailored to distinct motions and mechanical 
phenomena emerge. While the use of specialized machinery may offer 
benefits to individual use cases, it also highlights a pressing challenge: 
the lack of fundamental understanding regarding the underlying phe-
nomenology makes reproducibility across different devices and scales 
problematic [1,2].

Currently, some control on the outcome of a milling process can 
be offered with the definition of operational parameters, such as ro-
tational speed or fill ratio. However, it has become apparent that 
when the process’s complexity increases or efficiency and scale-up 
become relevant, this is no longer sufficient [1]. We hypothesize that 
distinguishing between normal and tangential energetic contributions 
in ball milling becomes critical due to their distinct mechanical effects. 
Normal interactions predominantly induce compression forces, causing 
direct contact and facilitating material compaction or deformation. In 
contrast, tangential interactions induce shear forces, resulting in sliding 
or relative motion between surfaces. Understanding these distinctions is 
vital as they dictate energy transfer mechanisms, influencing the extent 
of particle deformation and the resultant effects, such as fragmentation, 
amorphization, or chemical conversion.

To tackle these limitations, some attempts have been made to char-
acterize milling processes from the point of view of the fundamental 
mechanics inside the milling jar. Chen et al. [7] make use of DEM 
(Discrete Element Method) simulations to study the dynamics of a 
shaker ball mill and quantitatively describe the collision events that 
take place during a mechanical alloying process. The research focused 
on the energy dissipation that occurs as a result of ball–ball and ball–
wall interactions by analyzing the changes in kinetic energy before and 
after collision. Although the study provides valuable information, it 
falls short in distinguishing between the roles of normal and tangential 
dissipation caused by impact and shearing collisions, which affect 
how the processed material is treated. Following a similar approach, 
Broseghini et al. [8] studied how varying the shape of the milling jar 
2 
affected the efficiency of a high-energy planetary mill. To do this, an 
upper bound of the energy available for grinding is approximated using 
the same principles of kinetic energy transformation, with the main 
difference that the velocity vectors are decomposed into their normal 
and tangential components to distinguish the contribution of impacts 
and shearing. While this approach allows a more in-depth analysis of 
the different mechanical phenomena inside the jar, the approximations 
assume that the milling balls do not rotate and the contact model used 
is not capable of taking into account the non-linear elastic contact 
behavior of ball–ball and ball–wall interactions. Moreover, we hypoth-
esize that assessing the interaction between the ball and the wall by 
measuring the change in kinetic energy will not accurately reflect the 
true extent of the impact. This is because the energy transferred from 
the wall to the ball could increase the ball’s kinetic energy, making it 
challenging to precisely determine the amount of energy dissipated.

In the field of mechanochemistry, Burmeister et al. [9,10] employed 
DEM simulations to examine the impact of various stressing conditions 
in planetary ball mills to obtain Knoevenagel synthesis. To achieve a 
more accurate representation of the ball–ball and ball–wall interac-
tions, the Hertz–Mindlin model was used. However, their analysis is 
centered around the dissipation of energy in the normal direction due 
to head-on collisions, which may be insufficient in cases where shear-
ing has the potential of being a critical component to determine the 
success of the process [11]. Moreover, the characterization parameters 
presented are limited to the reactants used and cannot be generalized 
any further.

Lastly, in the field of ultra-fine milling and particle breakage, 
Oliveira et al. [12] and Rodriguez et al. [5] have employed a state-
of-the-art mechanistic and phenomenological model (UFRJ) to charac-
terize the breakage mechanisms that occur in vertical stir mills and 
planetary ball mills, respectively. The model has only been validated 
for normal collisions and as such, the tangential component is typically 
ignored. This is a limitation that can underestimate the resulting 
product of the process, as noted by Beinert et al. [13]. In an attempt 
to overcome this, Oliveira et al. account for the tangential contribution 
by matching the model predictions with experimental data via back-
fitting. This method enables good agreement between experimental and 
simulation results given that the proportion of tangential contribution 
is accurately adjusted but, naturally, is susceptible to over-fitting and 
possible misinterpretation of results. Moreover, this method is viable 
given that the process involves only a physical transformation (i.e. par-
ticle size reduction). In a process where a chemical transformation is 
expected, such as mechanochemistry, the back-fitting recursion method 
becomes inadequate. This limitation arises because the Discrete Ele-
ment Method (DEM) is unable to simulate chemical processes, thus 
neglecting the possible role of tangential energy dissipation that could 
influence the rate of a chemical reaction. In other words, it becomes 
impossible to match experimental and simulation results because the 
simulations cannot predict the chemical component of the process.

2. Model and methods

2.1. Modeling approach

The Discrete Element Method (DEM) is used to simulate the inter-
actions between the jar and the grinding media. In this study, Altair 
EDEM 2021.2 was used as the DEM solver and Python 3.9.12 was 
used for data post-processing. EDEM follows a soft sphere approach by 
calculating the contact forces for each particle interaction using Hertz 
and Mindlin’s contact model. Then, Newton’s laws of motion are used 
to calculate the instantaneous motion for each particle:

𝑚𝑖
𝑑𝐕𝑖
𝑑𝑡

= 𝐅𝑐,𝑖 + 𝑚𝑖𝐠 (1)

𝐼
𝑑𝝎𝑖 = 𝝉 (2)
𝑖 𝑑𝑡 𝑖
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where 𝑚𝑖, 𝐼𝑖, 𝐕𝑖 and 𝝎𝑖 are the mass, moment of inertia, velocity, and 
angular velocity, respectively, of particle 𝑖. 𝐅𝑐,𝑖 and 𝝉 𝑖 represent the 
total contact force and total contact torque (relative to the particle’s 
center of mass), respectively. The total force and torque are determined 
by summing over all neighbors in contact with particle 𝑖.

The Hertz–Mindlin model [14,15] is selected to calculate the contact 
force on each pair because it is capable of capturing the non-linear 
behavior of particle–particle and particle–geometry interactions. The 
original model was modified to make the damping components accessi-
ble for data post-processing. Each discrete element has its own radius 𝑅, 
mass 𝑚, Young’s modulus 𝑌 , shear modulus 𝐺, coefficient of restitution 
𝑒, and Poisson ratio 𝜈. The contact force 𝐅𝑐,𝑖𝑗 on a particle 𝑖 due to 
its interaction with another particle 𝑗 (or wall) is the vector sum of a 
normal 𝐅𝑛,𝑖𝑗 and tangential 𝐅𝑡,𝑖𝑗 force: 

𝐅𝑐,𝑖𝑗 = 𝐅𝑛,𝑖𝑗 + 𝐅𝑡,𝑖𝑗 = (𝐾𝑛𝜹𝑛,𝑖𝑗 − 𝛾𝑛𝐕𝑛,𝑖𝑗 ) + (𝐾𝑡𝜹𝑡,𝑖𝑗 − 𝛾𝑡𝐕𝑡,𝑖𝑗 ) (3)

with:

𝐾𝑛 = 4
3
𝑌 ∗√𝑅∗𝛿𝑛 (4)

𝛾𝑛 = −2
√

5
6
𝛽
√

𝑆𝑛𝑚∗ ≥ 0 (5)

𝐾𝑡 = 8𝐺∗√𝑅∗𝛿𝑛 (6)

𝛾𝑡 = −2
√

5
6
𝛽
√

𝑆𝑡𝑚∗ ≥ 0 (7)

𝑆𝑛 = 2𝑌 ∗√𝑅∗𝛿𝑛 (8)

𝑆𝑡 = 8𝐺∗√𝑅∗𝛿𝑛 (9)

𝛽 =
ln(𝑒)

√

ln2(𝑒) + 𝜋2
(10)

1
𝑌 ∗ =

(1 − 𝜈21 )
𝑌1

+
(1 − 𝜈22 )

𝑌2
(11)

1
𝐺∗ =

2(2 − 𝜈1)(1 + 𝜈1)
𝑌1

+
2(2 − 𝜈2)(1 + 𝜈2)

𝑌2
(12)

1
𝑅∗ = 1

𝑅1
+ 1

𝑅2
(13)

1
𝑚∗ = 1

𝑚1
+ 1

𝑚2
(14)

Here, 𝐕𝑛,𝑖𝑗 and 𝐕𝑡,𝑖𝑗 are the relative normal and tangential velocities 
between the two particles 𝑖 and 𝑗 at the point of contact. 𝜹𝑛,𝑖𝑗 and 
𝜹𝑡,𝑖𝑗 represent the normal and tangential overlap vectors between the 
particles, the latter being found by integrating the relative tangential 
velocity with time and projecting it on the current tangential direction. 
𝐾𝑛 and 𝐾𝑡 are the elastic coefficients for normal and tangential contact. 
Furthermore, 𝛾𝑛 and 𝛾𝑡 represent the viscoelastic damping coefficients 
for the normal and tangential contacts. On the right-hand side of Eq. 
(3), the first term between parenthesis is the normal force, and the 
second term is the tangential force. The normal force has two terms, 
a spring force and a normal damping force 𝐅𝑛,𝑑 . The tangential force 
also has two terms, a shear force and a tangential damping force 𝐅𝑡,𝑑 .

Additionally, the contact torque 𝝉 𝑖𝑗 on particle 𝑖 due to its interac-
tion with particle (or wall element) 𝑗 is calculated by cross multiplying 
the vector 𝐑𝑖𝑗 , which points from the center of mass of particle 𝑖 to 
the contact point with particle 𝑗, by the tangential contact force F𝑡,𝑖𝑗 . 
Since the particles undergo constant rolling motion, especially against 
the wall, it is also necessary to account for slight non-sphericity with 
a rolling torque 𝝉 r,ij calculated by the coefficient of rolling friction 
𝜇𝑟, magnitude of the normal contact force 𝐹𝑛,𝑖𝑗 , the distance from the 
center of mass to the contact point 𝑅𝑖𝑗 and the orientation of the 
angular velocity vector 𝝎𝑟𝑒𝑙 of the particle relative to the particle (or 
wall) it is in contact with:
𝝉 𝑖𝑗 = 𝐑𝑖𝑗 × 𝐅𝑡,𝑖𝑗 + 𝝉𝑟,𝑖𝑗 (15)

𝝉𝑟,𝑖𝑗 = −𝜇𝑟𝐹𝑛,𝑖𝑗𝑅𝑖𝑗
𝝎𝑟𝑒𝑙
𝜔

(16)

𝑟𝑒𝑙
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Table 1
Mesh settings.
 Parameter Value  
 Minimum mesh scaling factor 0.33  
 Maximum mesh scaling factor 4  
 Maximum deviation scaling factor 1  
 Maximum angle 0.261 [rad] 

Lastly, the amount of dissipated energy in a time interval 𝑡1 to 𝑡2, 
attributed to the damping components 𝛾𝑛 and 𝛾𝑡, can be calculated as 
follows:

𝐸𝑛 = ∫

𝑡2

𝑡1
𝐅𝑛,𝑑 ⋅ 𝐕𝑛,𝑖𝑗d𝑡 = ∫

𝑡2

𝑡1
𝛾𝑛𝑉

2
𝑛,𝑖𝑗d𝑡 (17)

𝐸𝑡 = ∫

𝑡2

𝑡1
𝐅𝑡,𝑑 ⋅ 𝐕𝑡,𝑖𝑗d𝑡 = ∫

𝑡2

𝑡1
𝛾𝑡𝑉

2
𝑡,𝑖𝑗d𝑡 (18)

2.2. Simulation setup and calibration

In this work, we model a commercially available ball mill. In 
particular, the Emax  high-energy ball mill is a device produced and 
distributed by the German company Retsch. It offers a novel approach 
to ball milling by combining high friction and impact results with 
a temperature control system allowing for controlled grinding. The 
machine can allocate proprietary grinding jars with 125 ml of volume 
that follow a circular motion with a rotational speed 𝑛 up to 2000 
revolutions per minute (corresponding to an angular frequency of 𝜔 =
2𝜋𝑛∕60 = 209 rad/s) with an amplitude (radius) 𝐴 of 1.7 cm, see Fig. 
1. The movement of the jar has been replicated in our simulations. To 
accurately represent the geometry of the milling jar, a CAD file was 
imported into EDEM and an automatic rigid body mesh was built using 
the settings in Table  1.

The system is initialized by generating the total amount of discrete 
media over a span of five seconds, allowing them to reach resting 
positions inside the jar before any movement is induced. The simulation 
is then run for an additional 15 s to observe the system’s dynamics. 
To minimize the computational complexity of the model, the number 
of discrete elements has been limited to only include the milling balls. 
This approach is viable as the influence of the processed material can be 
represented by altering the friction and restitution coefficients [16–18].

As a result, two sets of coefficients are used. The first set cor-
responds to a clean, empty jar without powder, serving as a ref-
erence for the unaltered dynamics of the milling balls. The second 
set was obtained through calibration, considering the presence of hy-
drated sodium metaborate (NaBO2 ⋅4H2O) and magnesium hydride 
(MgH2). The calibration methodology combines the approaches of 
Dreizin et al. [17] and Burmeister et al. [10]. For an accurate cali-
bration, it is essential to have a representative powder layer covering 
the jar and milling balls. To achieve this, we selected one of the 
experimental conditions from our previous work, where we explored 
the effects of various experimental parameters on the mechanochemical 
regeneration of NaBH4 [19]. The selected conditions involve a ball-
to-powder ratio of 30, a 66% molar ratio excess, a milling time of 
12.5 h, a fill ratio of 10%, and a rotational speed of 600 rpm, ultimately 
enabling a regeneration yield of 71%. After conducting this experiment, 
the resulting powder layer inside the jar provides the most accurate 
representation of how the powder’s presence affects the balls and jar, 
enabling a precise calibration process.

The methodology for determining the restitution coefficient is based 
on free-fall experiments. Milling balls were removed from the jar, and 
for each test, a ball was randomly selected and dropped onto the flat 
bottom surface of the milling jar. The restitution coefficient was then 
calculated as the ratio between the drop height and the bounce height, 
as shown in Eq.  (19). A total of 32 tests were conducted to ensure 
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Fig. 1. (a) Schematic of jar movement (b) 3D model of the jar.
Fig. 2. Frame of video and simulation used for the calibration of the friction coefficients.
statistical significance, and the average value of 0.3 was chosen as the 
calibrated restitution coefficient. 

𝑒 =

√

ℎ𝑏𝑜𝑢𝑛𝑐𝑒
ℎ𝑑𝑟𝑜𝑝

(19)

The calibration of the friction coefficients involves the combination 
of a new experiment and its computational representation using the 
previously defined restitution coefficient as a constant. In this experi-
ment, the representative powder layer is retained, but instead of the 
flat surface at the bottom of the jar, the walls are used. The jar is 
positioned vertically, and a milling ball is placed at the midpoint of 
the jar’s straight wall. The ball is then released, and a custom tracking 
code records its position as it oscillates along the walls until it comes 
to rest. An equivalent DEM model of this experiment is created, and 
the friction coefficients are adjusted until the simulated ball position 
aligns with the experimental curve. See Figs.  2 and 3 for the calibration 
results.

The comparison between the experimental and computational
curves indicates that a static friction coefficient of 0.3 and a rolling 
friction coefficient of 0.045 provide a good fit. To further illustrate 
the sensitivity of the ball’s motion to changes in these coefficients, we 
have included additional values in Fig.  3. Notably, the rolling friction 
significantly affects the number of oscillations the ball undergoes before 
reaching its resting state, while the static friction primarily influences 
the height of each oscillation and the time it takes for the ball to reach 
its inflection points. Ultimately, both coefficients must be fine-tuned 
together. This finding aligns with the work of Dreizin et al. [17], but 
contrasts with Burmeister et al. [10], who suggest that the static friction 
coefficient has no significant impact. The final calibrated values and 
4 
Table 2
Properties used for the milling balls and walls, corresponding to clean steel X46Cr13 
(standard values) and calibrated values accounting for the presence of NaBO2 ⋅4H2O
and MgH2. *Note that to speed up the simulations, Young’s modulus has been lowered, 
as discussed in subSection 2.4.
 Parameter Standard value Calibrated value 
 Restitution coefficient 0.68 [20] 0.3  
 Static friction coefficient 0.7 [21] 0.3  
 Rolling friction coefficient 0.01 [20] 0.045  
 Density 7700 [kg/m3] [22]
 Young’s modulus 2.05 [MPa]–205* [GPa] [22]
 Poisson’s ratio 0.235 [22]

Table 3
Simulation solver settings.
 Parameter Value  
 Simulation time step 9.5 ∗ 10−7 [s] 
 Total simulation time 20 [s]  
 Time integration method Euler  

simulation settings used in the simulations can be found in Tables  2
and 3.

2.3. Analysis of power and granular temperature

Relevant dependent variables are derived from the normal and 
tangential damping forces shown in Eq.  (3). The normal interactions 
account for head-on collisions while the tangential interactions account 
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Fig. 3. Normalized ball position as a function of time for calibration purposes. SF: static friction; RF: rolling friction. The bumps during the initial experimental oscillation of the 
ball are due to inaccuracies of ball detection during initial frames.
for glancing collisions. The benefit of extracting these forces directly 
from the Hertz–Mindlin model is that it becomes possible to access 
instantaneous values for both normal and tangential interactions at 
any time and not rely on averages derived from power calculations. 
This allows for a more precise representation of the evolution of the 
energy dissipation given by Eqs.  (17) and (18). Thus, it is possible 
to calculate the mean normal and tangential energy dissipation per 
collision by summing of all individual dissipation events and dividing 
by the number of collisions in a given time.

𝐸𝑛 =
∑

𝐸𝑛
𝑁𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛𝑠

(20)

𝐸𝑡 =
∑

𝐸𝑡
𝑁𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛𝑠

(21)

Then, the normal and tangential dissipation power can be calculated 
by multiplying with the collision frequency 𝑓𝑐𝑜𝑙 observed within the 
system:

𝑃𝑛 = 𝑓𝑐𝑜𝑙𝐸𝑛 (22)
𝑃𝑡 = 𝑓𝑐𝑜𝑙𝐸𝑡 (23)

By adding Eqs.  (22) and (23) together, the total dissipated power 
available to the processed material can be calculated. This value could 
then be compared to the total power of the machine to find an initial 
estimate of the efficiency of the process. Unfortunately, the Emax is 
not equipped with a torque sensor so it needs to be estimated from the 
simulation. In EDEM, each geometry is modeled as a series of triangles, 
similar to a mesh. Therefore, the total torque on the geometry 𝐓 around 
the center of rotation 𝐫𝑐 can be calculated as follows: 
𝐓 =

∑

𝑎

(

𝐫𝑎 − 𝐫𝑐
)

× 𝐅𝑎 + 𝐓𝑎 (24)

where 𝐅𝑎 is the total force on triangle 𝑎, 𝐫𝑎 the triangle’s center of 
mass, and 𝐓𝑎 the torque on triangle 𝑎. With this, it becomes possible to 
calculate the total power 𝑃𝑡𝑜𝑡𝑎𝑙 to drive the system: 
𝑃𝑡𝑜𝑡𝑎𝑙 = 𝜔𝑇𝑧 (25)

where 𝜔 = 2𝜋𝑛∕60 is the angular frequency with which the system is 
driven (𝑛 is the shaker frequency in rotations per minute), realizing the 
rotations of the jar only take place around the 𝑧-axis.

The granular temperature (𝛩) is an important parameter for the 
kinetic and hydrodynamic characterization of dynamic granular sys-
tems [23]. It is a quantity that measures the variance in the distri-
bution of particle velocities, analogous to the fluctuations in molecu-
lar velocity distributions which are measured by the thermodynamic 
temperature [24]: 

𝛩 = 1
3

(

⟨

𝐕2⟩ − ⟨𝐕⟩2
)

(26)

where 𝐕 represents the velocity vector of a particle, and pointy brackets 
⟨⋯⟩ indicate an average over all particles in a mesh cell dividing the 
5 
geometry of the milling jar. In this paper, the granular temperature is 
used to identify high-energy collision zones within the milling jar. By 
doing this, it becomes possible to identify different collision regimes as 
the filling of the jar and the shaking speed change.

2.4. Evaluation of the effect of lowering Young’s modulus

Using realistic values for the Young’s modulus of steel necessitates 
using extremely small integration time steps, potentially making the 
simulations computationally very expensive. A way to tackle this lim-
itation is to artificially lower Young’s modulus as shown by Lommen 
et al. [25]. This is because reducing the stiffness weakens contact forces 
between particles and allows them to deform more, leading to larger 
overlaps under the same applied force. This enables particles to change 
their velocities more gently upon impact.

Lowering the Young’s modulus should be done carefully to find a 
best-performance value where the accuracy of the simulation is pre-
served while allowing for shorter simulation times. Since the Young’s 
modulus has a direct influence on the damping and elastic components 
of both tangential and normal forces, as shown in Eq.  (3), it influences 
the energy dissipation per collision. Thus, a sensitivity analysis with 
19 discrete media with diameter 𝑑𝑏 = 10 mm, shown in Fig.  4, was 
carried out. The total power exerted onto the system, based on Eq. 
(25) has been measured for different values of Young’s modulus, as 
this allows an analysis of the influence on both the elastic and damping 
components. By doing this, relevant particle properties, such as velocity 
and momentum are also included in the decision making. By decreasing 
the Young’s modulus by a factor of 100 (from 205 GPa to 2.05 GPa), we 
can achieve a threefold reduction in computation time, while remaining 
within a range of two standard deviations from the mean power pre-
dicted for the realistic value. Thus, for all the following simulations, we 
set Young’s modulus to 2.05 GPa.

2.5. Simulation variable parameters

The relevant operational parameters for this study are the rotational 
speed 𝑛, size of the milling balls 𝑑𝑏, and the fill ratio 𝑓𝑟 which is defined 
as the volumetric ratio between the total of all milling balls and that 
of the empty milling jar. Note that the fill ratio differs from the ratio 
of the stagnant layer thickness to the jar height because of the void 
space in a packed bed of mono-dispersed particles. The fill ratios used in 
the simulations are presented in Table  4. The rotational speed is varied 
from 600 to 1200 rpm.
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Fig. 4. Young’s modulus sensitivity analysis. Red line indicates the simulation’s average power and the black line indicates the simulation time. Whiskers show two standard 
deviations from the corresponding means. Ball size = 10 mm, rotational speed = 1200 rpm.
Table 4
Fill ratio configurations.
 Fill ratio (𝑓𝑟) Jar volume 

[ml]
Number of balls
(𝑑𝑏 = 10 mm)

Number of balls
(𝑑𝑏 = 5 mm)

 

 0.04

125

10 76  
 0.06 14 115  
 0.08 19 153  
 0.1 24 191  
 0.12 29 229  
 0.16 38 306  
 0.2 48 382  
 0.3 72 573  
 0.4 96 764  

2.6. Chemicals

Hydrated sodium metaborate (NaBO2 ⋅4H2O) (≥99%) was obtained 
from Sigma-Aldrich, while magnesium hydride (MgH2) (≥99.9%,
≤50 μm) was sourced from Nanoshel. All reagents were used without 
further purification. The reaction between these reactants facilitates the 
following conversion: 
NaBO2 ⋅ 4H2O + 6MgH2 → NaBH4 + 6MgO + 8H2 (27)

The sample preparation for ball milling was performed in a glove 
box under an argon atmosphere, with oxygen and water concentrations 
maintained below 0.1 ppm.

3. Results and discussion

In this section, the performance of the Emax is evaluated in terms 
of energy and power dissipation in collision events. The motivation for 
focusing on these parameters is that they represent how kinetic energy 
is being transformed into usable energy for the mechanochemical re-
action to take place [1]. First, the performance is assessed by varying 
the diameter of the milling balls from 5 mm to 10 mm, and altering 
the rotational speed from 600 rpm to 1200 rpm while maintaining 
a consistent fill ratio of 8%. Then, the fill ratio is varied following 
Table  4, and two rotational speeds are tested. With the obtained results, 
master curves are built which allow for generalization of the results in 
terms of the grinding media’s density, ball diameter, rotational speed, 
amplitude (radius) of oscillation, collision frequency, number of balls, 
and powders used.

3.1. Ball size and rotational speed

We start with an analysis of the performance in energy dissipation as 
the ball size and rotational speed change while maintaining a constant 
6 
fill ratio of 8%. Fig.  5 presents the probability distributions of normal 
and tangential energy dissipation per cycle for different rotational 
speeds (600, 800, 1000, and 1200 rpm) and two milling ball diameters: 
10 mm and 5 mm. The comparison includes unaltered steel conditions 
and calibrated conditions, where friction coefficients (static and rolling) 
and the restitution coefficient have been adjusted.

As expected, higher rotational speeds lead to greater energy dissi-
pation due to the increased kinetic energy available during each cycle, 
which is reflected in the peak shift from lower values at 600 rpm to 
higher values at 1200 rpm. A key observation across the plots is that 
tangential energy dissipation increases at a faster rate, compared to 
normal dissipation, as the rotational speed increases. This is easier to 
visualize in Fig.  6 where the mean dissipation values are presented.

The difference between calibrated and non-calibrated values is re-
flected in a shift of peak dissipation values. In the case of 10 mm 
balls, this shift is guided towards smaller values whereas in the case 
of 5 mm balls, the shift is much more subtle and is guided towards 
larger values. Specifically, this shift causes the mean tangential dissi-
pation to no longer exhibit a significant difference between 5 mm and 
10 mm balls, as it did by 13% with the non-calibrated conditions. In 
contrast, a difference of 20% can now be identified for the mean normal 
dissipation.

This result indicates that the calibration process is much more 
critical as the size of the milling balls and the rotational speed increase. 
Additionally, the standard deviation and coefficient of variation de-
crease in both directions when smaller milling balls are used, as shown 
in Table  5. This suggests that the use of smaller milling balls can lead 
to a more consistent and predictable process, potentially increasing 
efficiency, if the required energy input for a given mechanochemical 
reaction is known.

3.2. Fill ratio

The analysis of the fill ratio is crucial as it determines the number of 
grinding elements involved in the mechanochemical process, impacting 
both the collision frequency and the milling balls’ dynamic behavior. 
As a consequence, it defines operational ranges that enhance either 
normal or tangential dissipation. Figs.  7 and 8 show the mean energy 
dissipation in the normal and tangential directions, as the fill ratio is 
varied according to Table  4, for unaltered and calibrated conditions, 
respectively.

For both conditions, it is useful to define three operational zones. 
The first zone covers a fill ratio from 4% to 10%, the second extends 
from 10% to 20%, and the third goes from 20% to 40%. In terms of 
normal dissipation, the optimal operating range falls within the second 
zone, where the majority of the maximum normal dissipation values are 
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Fig. 5. (a) Normal energy dissipation per cycle, d = 10 [mm] (b) Tangential energy dissipation per cycle, d = 10 [mm] (c) Normal energy dissipation per cycle, d = 5 [mm] (d) 
Tangential energy dissipation per cycle, d = 5 [mm]. Fill ratio = 8% for all cases.
Fig. 6. Mean energy dissipation per cycle.  Note that the blue and green curve virtually overlap.
Table 5
Descriptive statistics for energy dissipation per cycle.
 Normal energy dissipation Tangential energy dissipation
 Standard deviation Coefficient of variation Standard deviation Coefficient of variation
 𝑑𝑏 = 5 mm 𝑑𝑏 = 10 mm 𝑑𝑏 = 5 mm 𝑑𝑏 = 10 mm 𝑑𝑏 = 5 mm 𝑑𝑏 = 10 mm 𝑑𝑏 = 5 mm 𝑑𝑏 = 10 mm 
 600 rpm 0.006 0.015 3.81% 9.27% 0.019 0.035 4.70% 7.76%  
 800 rpm 0.014 0.029 5.45% 10.95% 0.033 0.065 5.03% 8.64%  
 1000 rpm 0.015 0.046 3.50% 10.36% 0.047 0.098 4.22% 7.77%  
 1200 rpm 0.023 0.063 3.53% 10.11% 0.064 0.145 4.06% 8.02%  
7 
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Fig. 7. (a) Mean normal energy per collision 𝐸𝑛 (b) Mean tangential energy per collision 𝐸𝑡 (c) Collision frequency 𝑓𝑐𝑜𝑙𝑙 (d) Specific collision frequency 𝑓𝑐𝑜𝑙𝑙,𝑠𝑝𝑒𝑐 . Cases with fill 
ratio variation and unaltered steel coefficients.
observed. However, clear differences emerge between unaltered and 
calibrated coefficients, as well as between small and large milling balls.

Regarding normal dissipation, the most noticeable difference occurs 
in the transition from zone 1 to zone 2. For large balls, an increase of 
up to 88% is estimated under calibrated conditions, while unaltered 
conditions only show an increase of 31%. Interestingly, when using 
small balls, unaltered conditions display a clear decrease of up to 67%, 
whereas calibrated conditions remain nearly stable, except at a fill ratio 
of 4%.

Tangential energy dissipation, on the other hand, exhibits a different 
behavior. The differences between large and small balls are subtler, 
with the primary change occurring in how dissipation evolves from 
zone 1 to zone 2. These results are consistent with the observations 
in Fig.  6, where a shift from large to small balls led to differences 
in normal dissipation, but not in tangential dissipation. Under unal-
tered conditions, tangential dissipation decreases by as much as 150%, 
making zone 1 optimal for this type of dissipation. Conversely, cali-
brated conditions show a 42% increase, suggesting that zone 2 remains 
optimal for tangential dissipation as well.

Finally, when considering collision frequency, both unaltered and 
calibrated conditions exhibit growth as the number of balls increases, 
which is expected. However, the rate of growth is notably slower under 
calibrated conditions. This discrepancy can be explained by the differ-
ing behavior of the specific collision frequency in the two scenarios. 
Under calibrated conditions, the specific collision frequency decreases 
as the fill ratio increases. This is due to the increased damping, which 
enhances energy dissipation and reduces the relative velocities between 
balls. Consequently, collisions per ball occur less frequently as the 
system becomes denser. In contrast, under unaltered conditions, the 
lack of realistic damping allows for larger relative velocities, which 
increase the probability of collisions per ball as the jar becomes more 
8 
crowded. This upward trend in specific collision frequency amplifies the 
total collision frequency, resulting in a higher growth rate for unaltered 
conditions.

Regarding zone 3, it becomes evident that it does not provide 
any advantages over zones 1 or 2 in terms of energy dissipation. 
Moreover, the specific collision frequency plateaus in both unaltered 
and calibrated conditions, indicating the presence of choking behavior. 
Thus, zone 3 and beyond can be disregarded as zones of interest.

The previously discussed results can be visualized by comparing the 
heat maps and granular temperatures in Figs.  9 and 10. These maps 
depict the relative likelihood of finding particles in specific locations 
in the jar throughout the simulation, offering insight into how the 
system’s dynamics evolve as different fill ratios give rise to the distinct 
operational zones. With a 4% fill ratio and calibrated coefficients, the 
combination of fewer balls and increased damping causes the balls to 
traverse the jar walls with minimal collisions among them, especially 
when compared to the uncalibrated scenario. This visually explains 
the significant increase in normal energy dissipation as more balls 
are added. Furthermore, it clarifies why the tangential dissipation re-
mains almost constant for the calibrated values: most of the tangential 
dissipation arises from balls scraping along the jar walls. Since the 
balls maintain contact with the wall throughout the process, tangential 
dissipation reaches near-maximum values even at low fill ratios.

When examining the maps for the 10% fill ratio, the key differ-
ence is that with calibrated coefficients, collisions still do not occur 
in the center of the jar, unlike in the uncalibrated case. This visual 
representation also explains why the maximum normal dissipation for 
calibrated coefficients is achieved by further increasing the fill ratio 
to around 18%, as opposed to the 10% observed with uncalibrated 
coefficients. Since most of the normal dissipation results from head-
on collisions between balls, allowing them to move slightly further 
towards the center of the jar leads to maximum dissipation.
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Fig. 8. (a) Mean normal energy per collision 𝐸𝑛 (b) Mean tangential energy per collision 𝐸𝑡 (c) Collision frequency 𝑓𝑐𝑜𝑙𝑙 (d) Specific collision frequency 𝑓𝑐𝑜𝑙𝑙,𝑠𝑝𝑒𝑐 . Cases with fill 
ratio variation and calibrated coefficients (system comprising NaBO2 ⋅4H2O and MgH2).
Lastly, the map for the 40% fill ratio shows, in both scenarios, why 
zone 3 is unfavorable. In both cases, there is a clogging effect, where 
the balls are unable to achieve high-energy collisions anywhere in the 
jar.

3.3. Master curves

The prior analysis provides a clear description of how the dynamics 
of the milling balls change as powder is introduced into the milling 
jar for a mechanochemical reaction. However, two limitations remain. 
First, while the dissipated energy in each collision is crucial for driving 
the reaction, it is also important to consider the dissipated power, 
which accounts for the rate of collisions that generate this energy. 
Ideally, maximizing power dissipation would combine a high frequency 
of collisions with the maximum amount of energy dissipated.

The second limitation relates to the fact that these results are, so 
far, specific to the operating conditions used in the simulations for 
this work. To address both issues simultaneously, we introduce master 
curves. These curves are designed to facilitate prediction capabilities 
when variables such as fill ratio, collision frequency, number of balls, 
ball density, rotational speed, ball diameter, and amplitude of rota-
tion are varied. This approach offers significant flexibility for both 
characterization and iterative analysis.

The master curves are constructed using the normalization formulas 
presented in Eqs.  (28) and (29) which are based on basic mechanical 
principles. As shown in Figs.  11 and 12, these curves provide the mean 
specific power dissipation, along with the respective standard devia-
tion, for both normal and tangential components. From there, mean 
energy dissipation values can be obtained by using the corresponding 
mean specific collision frequency curve. 

𝑃𝑠𝑝𝑒𝑐 =
𝑓𝑐𝑜𝑙𝐸̄

3 2 3
(28)
𝜌𝜔 𝐴 𝑑𝑝𝑛𝑏𝑎𝑙𝑙

9 
𝑓𝑐𝑜𝑙𝑙 =
𝑓𝑐𝑜𝑙
𝜔𝑛𝑏𝑎𝑙𝑙

(29)

where 𝑓𝑐𝑜𝑙 is the collision frequency, 𝐸̄ is mean energy dissipation, 𝜌
is the density of the grinding media, 𝜔 is the rotational speed of the 
mill (in Hz), 𝐴 is the amplitude of oscillation, 𝑑𝑝 is the diameter of the 
milling balls and 𝑛𝑏𝑎𝑙𝑙 is the number of milling balls in the system.

Additionally, Figs.  11(d) and 12(d) show the ratio between the mean 
specific tangential and normal dissipation powers for the unaltered 
and calibrated scenarios, respectively. In this plot, it becomes easier 
to distinguish the three operational zones previously discussed. The 
first zone goes from 4% to 10% and favors tangential dissipation. At 
this point, the elbow of the curve can be identified, meaning that 
this fill ratio provides the best balance between normal and tangential 
dissipation in this machine. Then, the second zone, which extends up 
to 20%, increases the relevance of normal dissipation. Lastly, the third 
zone, extending beyond 20%, provides no benefit as the ratio is no 
longer able to achieve values beyond those achievable at lower fill 
ratios. Furthermore, the ratio remains constant in this range since both 
types of dissipation begin to decay at the same rate. The identification 
of this limit is convenient as it establishes a clear upper boundary for 
the number of balls that should be used in the ball mill. Exceeding this 
value will result in inefficiency.

It is worth highlighting some key differences that arise in the 
calibrated master curves (see Fig.  12), given that these represent the 
real system relevant for the mechanochemical regeneration of NaBH4. 
Specifically, it can be observed that while the maximum zone for 
normal dissipation remains in the 10%–20% range, the actual fill ratio 
leading to maximum normal dissipation may fluctuate between 10% 
and 18% due to the standard deviation of the data. This is explained 
by the behavior identified in Section 3.1, where it was noted that 
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Fig. 9. Particle heat map (blue–green-red) and granular temperature (blue-white-red). 𝑛 = 1200 [rpm] and 𝑑 = 10 [mm]. Fill ratio: (a) 4% (b) 10% (c) 40%. Unaltered steel 
values.
switching from small balls to large balls shifts the mean normal energy 
dissipation.

Similarly, while the maximum zone for tangential dissipation re-
mains in the 4%–8% range, the standard deviation in the master curve 
allows for two interpretations: either a maximum is achieved at 4% 
or 8%. This variation arises due to the dynamic behavior depicted in 
Fig.  10(a), as previously discussed. At low fill ratios, the use of 10 mm 
balls causes energy dissipation to be dominated by collisions with the 
wall, effectively minimizing the contribution of ball–ball interactions. 
Smaller balls, however, do not exhibit this condition. Nevertheless, it 
is expected that if even lower fill ratios are used, collisions between 
smaller balls will also eventually be minimized, as they will begin 
to traverse smoothly against the wall of the jar. In this operational 
range, tangential dissipation can be up to 4 times higher than normal 
dissipation. The elbow of the curve at 10% results in a ratio of 2.1, 
10 
and with higher fill ratios, the ratio between tangential and normal 
dissipation can be minimized to 1.5.

To conclude, it is worth reiterating that these master curves en-
compass vastly different operational conditions. While the standard 
deviation may cause a slightly incorrect selection of the maxima, the 
master curves remain highly effective for facilitating a mechanical 
characterization of the regeneration of NaBH4 without the need for 
additional simulations.

3.4. Testing the master curves

To test the master curves and their capability for characterization 
and prediction, it is essential to use an existing mechanochemical 
experiment along with its chemical yield. For this purpose, we utilize 
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Fig. 10. Particle heat map (blue–green-red) and granular temperature (blue-white-red). 𝑛 = 1200 [rpm] and 𝑑 = 10 [mm]. Fill ratio: (a) 4% (b) 10% (c) 40%. Calibrated values.
the same reference case used for calibration. This case involves a ball-
to-powder ratio of 30, an excess molar ratio of 66%, a milling time of 
12.5 h, a rotational speed of 600 rpm (10 Hz), a fill ratio of 10%, and 
a ball size of 10 mm. Under these conditions, a NaBH4 regeneration 
yield of 71% was achieved [19]. By applying our master curves and 
Eqs.  (31) and (32), we can propose a mechanical characterization of the 
mechanochemical process by defining three main characteristic values: 
the mean normal energy dissipation 𝐸𝑛, calculated as 2.21× 10−4 J; the 
mean tangential energy dissipation 𝐸̄𝑡, calculated as 5.00 × 10−4 J; and 
a specific collision frequency 𝑓𝑐𝑜𝑙

𝑛𝑏𝑎𝑙𝑙
 of 400 s−1.

With these values defined, it is now possible to use the master curves 
to derive a new set of conditions that can replicate the characteristic 
mechanical values. We choose to preserve a fill ratio of 10%, as we wish 
to maintain the ratio between tangential and normal dissipation for 
this study. However, we opt to use 5 mm balls requiring a total of 191 
11 
milling balls; representing a 700% increase over the reference case. By 
changing the ball size and keeping the three characteristic mechanical 
values constant, Eq.  (31) and Eq.  (32) allow us to solve for the density 
of the balls, rotational speed, or amplitude of rotation. We choose to 
solve for the rotational speed given the grinding media and equipment 
available. The new rotational speed is 1698 rpm (28.3 Hz), which 
represents a 183% increase over the reference case. A new experiment 
is conducted under these conditions, yielding a regeneration of 67%, 
just 4% below the reference case of 71%. This experiment was carried 
out twice to ensure reproducibility (see Fig.  13).

3.5. Universal master curves

In Section 3.3, we presented two distinct sets of master curves, each 
independently characterizing the mechanical performance of the ball 
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Fig. 11. (a) Master curve - mean specific normal power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑛 (b) Master curve - mean specific tangential power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑡 (c) Master 
curve - mean specific collision frequency 𝑓𝑐𝑜𝑙𝑙 (d) Ratio between mean specific tangential power dissipation per collision and mean specific normal power dissipation per collision 
𝑃𝑠𝑝𝑒𝑐,𝑡

𝑃𝑠𝑝𝑒𝑐,𝑛
. Unaltered steel coefficients.
mill under different friction coefficients, which vary according to the 
presence of processed material. To develop a universal master curve 
that can characterize any processed material with calibrated coeffi-
cients within the ranges addressed in this work (restitution coefficient: 
0.3–0.7, static friction coefficient: 0.3–0.69), we utilize the effective 
restitution coefficient, 𝜀, as defined by Chialvo and Sundaresan [26]. 

𝜀 = 𝑒 − 3
2
𝜇 exp(−3𝜇) (30)

where 𝑒 is the standard restitution coefficient, and 𝜇 is the static friction 
coefficient (see Fig.  14).

Thus, general equations for constructing universal master curves can 
be proposed as follows: 

𝑃𝑠𝑝𝑒𝑐 =
𝑓𝑐𝑜𝑙𝐸̄

𝜌𝜔3𝐴2𝑑3𝑝𝑛𝑏𝑎𝑙𝑙
⋅ (1 − 𝜀)1∕2 (31)

𝑓𝑐𝑜𝑙𝑙 =
𝑓𝑐𝑜𝑙
𝜔𝑛𝑏𝑎𝑙𝑙

⋅ (1 − 𝜀)1∕2 (32)

To use these curves effectively, it is necessary to first obtain cal-
ibrated values for the restitution coefficient and static friction coef-
ficient to calculate 𝜀. These universal curves are less accurate than 
the specific-case curves (Figs.  11 and 12) because they do not apply 
exclusively to a specific set of contact parameters. They aim to capture 
the dynamic changes caused by adding different processed materials 
to the milling jar and their impact on the motion of the milling 
balls. Despite this decrease in accuracy, the universal curves remain 
a practical and efficient tool for estimating dissipation mechanisms 
without requiring additional simulations. Moreover, while the utility 
of this characterization methodology has been tested for the system 
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comprising NaBO2 ⋅4H2O and MgH2, it still needs to be tested for other 
mechanochemical processes.

4. Conclusions

In this paper, we have presented a comprehensive study of the me-
chanical interactions that govern high-energy ball milling for
mechanochemistry purposes by focusing on a distinction between 
normal and tangential energy dissipation. Our findings present a clear 
methodology that can be followed to obtain an in-depth characteri-
zation of any milling machine. By following it, the development of 
green chemical processes can be facilitated and their generalization and 
reproducibility across scales and setups becomes viable.

We used the Hertz–Mindlin model and discrete element modeling 
to accurately characterize the forces involved in ball–ball and ball–
wall collisions, allowing us to distinguish the contribution of normal 
and tangential interactions in the mechanical energy dissipation of 
the system. Our approach allowed us to identify optimal operational 
ranges where each form of dissipation can thrive and to characterize 
the milling process with master curves that predict the performance of 
the mill under different conditions beyond those presented in this work.

We also found that the contribution of tangential interactions to the 
mechanical energy dissipation of the system is significant and cannot 
be neglected as it dominates the overall dissipation. This is particularly 
important for use cases where shearing has the potential to be a 
critical component leading to a successful outcome. Moreover, maxi-
mizing or minimizing its significance in the global energy dissipation 
performance is possible by varying the fill ratio.
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Fig. 12. (a) Master curve - mean specific normal power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑛 (b) Master curve - mean specific tangential power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑡 (c) Master 
curve - mean specific collision frequency 𝑓𝑐𝑜𝑙𝑙,𝑠𝑝𝑒𝑐 (d) Ratio between mean specific tangential power dissipation per collision and mean specific normal power dissipation per collision 
𝑃𝑠𝑝𝑒𝑐,𝑡

𝑃𝑠𝑝𝑒𝑐,𝑛
. Calibrated coefficients (system comprising NaBO2 ⋅4H2O and MgH2).
Fig. 13. Mechanochemical yield in reference case and predicted case.

The performance of the milling machine is strongly influenced 
by the milling parameters, such as the ball size, fill ratio, and rota-
tional speed. Our master curves present a valuable tool for designing, 
optimizing, and predicting mechanochemical processes. Additionally, 
they enable a direct comparison of key mechanical conditions among 
different milling machines thanks to the dimensional analysis carried 
out.

This work presents the first mechanical characterization for the 
mechanochemical regeneration of NaBH . By establishing the mean 
4

13 
normal energy dissipation, mean tangential energy dissipation, and 
specific collision frequency as process parameters, we successfully pre-
dicted a new set of conditions that replicated a previously achieved 
result with only a 4% difference.

This work represents a step forward in the understanding of the 
complex behavior of mechanical forces in high-energy ball milling and 
their influence on the success of mechanochemical reactions. Future 
work will focus on studying how different ratios between tangential 
and normal dissipation affect the success of the regeneration of NaBH4. 
We hope that our findings will inspire further research in this field 
and contribute to the development of more efficient and sustainable 
chemical processes.
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Fig. 14. (a) Universal master curve - mean specific normal power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑛 (b) Universal master curve - mean specific tangential power dissipation per 
collision 𝑃𝑠𝑝𝑒𝑐,𝑡 (c) Universal master curve - mean specific collision frequency 𝑓𝑐𝑜𝑙𝑙,𝑠𝑝𝑒𝑐 (d) Universal ratio between mean specific tangential power dissipation per collision and mean 
specific normal power dissipation per collision 𝑃𝑠𝑝𝑒𝑐,𝑡
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